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THE SUPER W1+∞ ALGEBRA WITH INTEGRAL CENTRAL CHARGE
THOMAS CREUTZIG AND ANDREW R. LINSHAW
ABSTRACT. The Lie superalgebra SD of regular differential operators on the super circle
has a universal central extension ŜD. For each c ∈ C, the vacuum module Mc(ŜD) of
central charge c admits a vertex superalgebra structure, and Mc(ŜD) ∼= M−c(ŜD). The
irreducible quotient Vc(ŜD) of the vacuum module is known as the superW1+∞ algebra.
We show that for each integer n > 0, Vn(ŜD) has aminimal strong generating set consisting
of 4n fields, and we identify it with aW-algebra associated to the purely odd simple root
system of gl(n|n). Finally, we realize Vn(ŜD) as the limit of a family of commutant vertex
algebras that generically have the same graded character and possess a minimal strong
generating set of the same cardinality.
1. INTRODUCTION
Let D denote the Lie algebra of regular differential operators on the circle. It has a
universal central extension Dˆ = D ⊕ Cκ which was introduced by Kac and Peterson
in [KP]. Although Dˆ admits a principal Z-gradation and triangular decomposition, its
representation theory is nontrivial because the graded pieces are all infinite-dimensional.
The important problem of constructing and classifying the quasifinite irreducible, highest-
weight representations (i.e., those with finite-dimensional graded pieces) was solved by
Kac and Radul in [KRI]. Explicit constructions of these modules were given in terms of
the representation theory of ĝl(∞, Rm), which is a central extension of the Lie algebra
of infinite matrices over Rm = C[t]/(t
m+1) having only finitely many nonzero diagonal
elements. The authors also classified all such Dˆ-modules which are unitary.
In [FKRW], the representation theory of Dˆ was developed from the point of view of
vertex algebras. For each c ∈ C, Dˆ admits a moduleMc called the vacuum module, which
is a vertex algebra freely generated by fields J l of weight l + 1, for l ≥ 0. The highest-
weight representations of Dˆ are in one-to-one correspondence with the highest-weight
representations of Mc. The irreducible quotient of Mc by its maximal graded, proper
Dˆ-submodule Ic is a simple vertex algebra, and is often denoted byW1+∞,c. These alge-
bras have been studied extensively in both the physics and mathematics literature (see
for example [AFMO][ASV][BS][CTZ][FKRW][KRII]), and they play an important role the
theory of integrable systems. The above central extension is normalized so that Mc is
reducible if and only if c ∈ Z. It was shown in [FKRW] that for every integer n ≥ 1, In is
generated as a vertex algebra ideal by a singular vector of weight n + 1, and
(1.1) W1+∞,n ∼=W(gl(n)).
Key words and phrases. invariant theory; vertex algebra; deformation; orbifold construction; strong finite
generation;W-algebra.
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In particular, W1+∞,n has a minimal strong generating set consisting of a field in each
weight 1, 2, . . . , n. The case of negative integral central charge is more complicated. It was
shown in [LI] that I−n is generated by a singular vector of weight (n + 1)2, andW1+∞,−n
has a minimal strong generating set consisting of a field in each weight 1, 2, . . . , n2 + 2n.
Wang showed in [W] thatW1+∞,−1 is isomorphic toW(gl(3)), but for n > 1 it is not known
ifW1+∞,−n can be identified with a standardW-algebra.
The super analogue of D is the Lie superalgebra SD of regular differential operators on
the super circle S1|1. As above, it has a universal central extension ŜD, and for each c ∈ C,
ŜD admits a vacuummoduleMc(ŜD). This module has a vertex superalgebra structure,
and is freely generated by fields
{J0,k, J1,k, J+,k, J−,k| k ≥ 0}
of weights k+1, k+1, k+1/2, k+3/2, respectively. Unlike the modulesMc which are all
distinct,Mc(ŜD) ∼=M−c(ŜD) for all c. There are actions of the affine vertex superalgebra
Vc(gl(1|1)) and the N = 2 superconformal algebra Ac of central charge c on Mc(ŜD).
Moreover, {J0,k| k ≥ 0} and {J1,k| k ≥ 0} generate copies ofMc andM−c, respectively,
which form a Howe pair (i.e., a pair of mutual commutants) insideMc(ŜD).
The super W1+∞ algebra Vc(ŜD) is the unique irreducible quotient of Mc(ŜD) by its
maximal proper graded ŜD-submodule SIc. We denote the mapMc(ŜD) → Vc(ŜD) by
pic, and we denote pic(J
a,k) by ja,k for a = 0, 1,±. There are induced actions of Vc(gl(1|1))
and Ac on Vc(ŜD), as well as mutually commuting copies ofW1+∞,c andW1+∞,−c inside
Vc(ŜD).
For n ∈ Z, Mn(ŜD) is reducible and the structure of Vn(ŜD) is nontrivial. Our main
goal in this paper is to elucidate this structure. Since Vn(ŜD) ∼= V−n(ŜD) and V0(ŜD) ∼= C,
it suffices to consider the case n ≥ 1. This problem was posed by Cheng and Wang; see
Problem 3 at the end of [CW]. Our starting point is a free field realization of Vn(ŜD) due to
Awata, Fukuma, Matsuo, and Odake as the GLn-invariant subalgebra of the bcβγ-system
F of rank n [AFMO]. We will show that SIn is generated as a vertex algebra ideal by a
singular vector of weight n + 1/2, and that Vn(ŜD) has a minimal strong generating set
consisting of the following 4n fields:
{j0,k, j1,k, j+,k, j−,k| k = 0, . . . , n− 1}.
Essentially, these results are formal consequences of Weyl’s first and second fundamental
theorems of invariant theory for the standard representation of GLn.
Next we show that Vn(ŜD) admits a deformation as the limit of a family of commutant
vertex algebras. The rank n bcβγ-system F has a natural action of V0(gl(n)), and we obtain
a diagonal homomorphism Vk(gl(n))→ Vk(gl(n))⊗ F for all k. We define
Bn,k = Com(Vk(gl(n)), Vk(gl(n))⊗F).
We have limk→∞Bn,k = Vn(ŜD), and for generic values of k, Bn,k has a minimal strong
generating set consisting of 4n generators and has the same graded character as Vn(ŜD).
Next, we consider aW-algebraWn,k associated naturally to the Lie superalgebra gl(n|n),
for k ∈ C. It is defined as a certain subalgebra of the joint kernel of screening operators
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corresponding to the purely odd simple root system of gl(n|n). We expect that Wn,k co-
incides with the joint kernel of the screening operators, although we are unable to prove
this at present. The W-algebras of simple affine Lie (super)algebras gˆ [FF1][FF2][KRW]
are defined via the quantum Hamiltonian reduction, which is a certain semi-infinite co-
homology. TheseW-algebras are associated to the principal embedding of sl(2) in g, and
they usually can also be realized as the joint kernel of screening operators corresponding
to a simple root system of g. A simple root system of a Lie superalgebra is not unique,
and in our case it turns out that a purely odd simple root system is most suitable. We will
show that
(1.2) Vn(ŜD) ∼= lim
k→∞
Wn,k,
and we regard this as an analogue of the isomorphismW1+∞,n ∼=W(gl(n)).
Recall that for n ≥ 1,W1+∞,n andW1+∞,−n haveminimal strong generating sets {j0,k| 0 ≤
k < n} and {j1,k| 0 ≤ k < n2 + 2n}, respectively, and that only W1+∞,n is known to be
a standard W-algebra. We have identified W1+∞,n and W1+∞,−n as a Howe pair inside
Vn(ŜD), which as we have seen is a W-algebra associated to gl(n|n). As subalgebras of
Vn(ŜD) they are on a similar footing, and in some sense it is more natural to consider
them as a Howe pair inside Vn(ŜD), rather than as independent objects.
Finally, in the case n = 2, we find a minimal strong generating set for W2,k consisting
of eight fields, and we show by explicit computation that W2,k+2 has the same operator
product algebra as B2,k. More generally, we conjecture that Wn,k+n is isomorphic to Bn,k
for all k and n.
There is also a commutant realization of the deformable family ofW-algebras of sl(n),
namely Com(Vk+1(sl(n)), Vk(sl(n))⊗ V1(sl(n))) [BS]. In physics, for positive integer k, the
corresponding conformal field theories are called Wn minimal models, and they have
received much attention recently as tentative dual theories to three dimensional higher
spin gravity [GG]. The supersymmetric analogue [CHR] has theW-superalgebra of sl(n+
1|n) as coset algebra whose twisted algebra in turn is argued to be related to the W-
superalgebra of gl(n|n) [I].
2. VERTEX ALGEBRAS
In this section, we define vertex algebras, which have been discussed from various
different points of view in the literature [B][FBZ][FHL][FLM][K][LiI][LZ]. We will follow
the formalism developed in [LZ] and partly in [LiI]. Let V = V0 ⊕ V1 be a super vector
space over C, and let z, w be formal variables. By QO(V ), we mean the space of all linear
maps
V → V ((z)) := {
∑
n∈Z
v(n)z−n−1|v(n) ∈ V, v(n) = 0 for n >> 0}.
Each element a ∈ QO(V ) can be uniquely represented as a power series
a = a(z) :=
∑
n∈Z
a(n)z−n−1 ∈ End(V )[[z, z−1]].
We refer to a(n) as the nth Fourier mode of a(z). Each a ∈ QO(V ) is of the shape a = a0 + a1
where ai : Vj → Vi+j((z)) for i, j ∈ Z/2Z, and we write |ai| = i.
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On QO(V ) there is a set of nonassociative bilinear operations ◦n, indexed by n ∈ Z,
which we call the nth circle products. For homogeneous a, b ∈ QO(V ), they are defined
by
a(w) ◦n b(w) = Resza(z)b(w) ι|z|>|w|(z − w)n − (−1)|a||b|Reszb(w)a(z) ι|w|>|z|(z − w)n.
Here ι|z|>|w|f(z, w) ∈ C[[z, z−1, w, w−1]] denotes the power series expansion of a rational
function f in the region |z| > |w|. We usually omit the symbol ι|z|>|w| and just write
(z−w)−1 to mean the expansion in the region |z| > |w|, and write −(w− z)−1 to mean the
expansion in |w| > |z|. It is easy to check that a(w)◦n b(w) above is a well-defined element
of QO(V ).
The nonnegative circle products are connected through the operator product expansion
(OPE) formula. For a, b ∈ QO(V ), we have
(2.1) a(z)b(w) =
∑
n≥0
a(w) ◦n b(w) (z − w)−n−1+ : a(z)b(w) : ,
which is often written as a(z)b(w) ∼∑n≥0 a(w) ◦n b(w) (z−w)−n−1, where ∼means equal
modulo the term
: a(z)b(w) : = a(z)−b(w) + (−1)|a||b|b(w)a(z)+.
Here a(z)− =
∑
n<0 a(n)z
−n−1 and a(z)+ =
∑
n≥0 a(n)z
−n−1. Note that : a(w)b(w) : is a
well-defined element of QO(V ). It is called the Wick product of a and b, and it coincides
with a ◦−1 b. The other negative circle products are related to this by
n! a(z) ◦−n−1 b(z) = : (∂na(z))b(z) : ,
where ∂ denotes the formal differentiation operator d
dz
. For a1(z), . . . , ak(z) ∈ QO(V ), the
k-fold iterated Wick product is defined to be
(2.2) : a1(z)a2(z) · · · ak(z) : = : a1(z)b(z) :,
where b(z) = : a2(z) · · · ak(z) :. We often omit the formal variable z when no confusion
can arise.
The set QO(V ) is a nonassociative algebra with the operations ◦n, which satisfy 1 ◦n
a = δn,−1a for all n, and a ◦n 1 = δn,−1a for n ≥ −1. In particular, 1 behaves as a unit
with respect to ◦−1. A linear subspace A ⊂ QO(V ) containing 1 which is closed under
the circle products will be called a quantum operator algebra (QOA). Note that A is closed
under ∂ since ∂a = a ◦−2 1. Many formal algebraic notions are immediately clear: a
homomorphism is just a linear map that sends 1 to 1 and preserves all circle products;
a module over A is a vector space M equipped with a homomorphism A → QO(M),
etc. A subset S = {ai| i ∈ I} of A is said to generate A if every element a ∈ A can be
written as a linear combination of nonassociative words in the letters ai, ◦n, for i ∈ I
and n ∈ Z. We say that S strongly generates A if every a ∈ A can be written as a linear
combination of words in the letters ai, ◦n for n < 0. Equivalently, A is spanned by the
collection {: ∂k1ai1(z) · · ·∂kmaim(z) : | i1, . . . , im ∈ I, k1, . . . , km ≥ 0}.
We say that a, b ∈ QO(V ) quantum commute if (z − w)N [a(z), b(w)] = 0 for some N ≥ 0.
Here [, ] denotes the super bracket. This condition implies that a ◦n b = 0 for n ≥ N ,
so (2.1) becomes a finite sum. A commutative quantum operator algebra (CQOA) is a QOA
whose elements pairwise quantum commute. Finally, the notion of a CQOA is equivalent
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to the notion of a vertex algebra. Every CQOA A is itself a faithful A-module, called the
left regular module. Define
ρ : A → QO(A), a 7→ aˆ, aˆ(ζ)b =
∑
n∈Z
(a ◦n b) ζ−n−1.
Then ρ is an injective QOA homomorphism, and the quadruple of structures (A, ρ, 1, ∂)
is a vertex algebra in the sense of [FLM]. Conversely, if (V, Y, 1, D) is a vertex algebra, the
collection Y (V ) ⊂ QO(V ) is a CQOA. We will refer to a CQOA simply as a vertex algebra
throughout the rest of this paper.
LetR be the category of vertex algebras A equipped with a Z≥0-filtration
(2.3) A(0) ⊂ A(1) ⊂ A(2) ⊂ · · · , A =
⋃
k≥0
A(k)
such that A(0) = C, and for all a ∈ A(k), b ∈ A(l), we have
(2.4) a ◦n b ∈ A(k+l), for n < 0,
(2.5) a ◦n b ∈ A(k+l−1), for n ≥ 0.
Elements a(z) ∈ A(d) \ A(d−1) are said to have degree d.
Filtrations on vertex algebras satisfying (2.4)-(2.5) were introduced in [LiII], and are
known as good increasing filtrations. Setting A(−1) = {0}, the associated graded object
gr(A) = ⊕k≥0A(k)/A(k−1) is a Z≥0-graded associative, (super)commutative algebra with
a unit 1 under a product induced by the Wick product on A. For each r ≥ 1 we have the
projection
(2.6) φr : A(r) → A(r)/A(r−1) ⊂ gr(A).
Moreover, gr(A) has a derivation ∂ of degree zero (induced by the operator ∂ = d
dz
on A),
and for each a ∈ A(d) and n ≥ 0, the operator a◦n on A induces a derivation of degree
d− k on gr(A), which we denote by a(n). Here
k = sup{j ≥ 1| A(r) ◦n A(s) ⊂ A(r+s−j), ∀r, s, n ≥ 0},
as in [LL]. These derivations give gr(A) the structure of a vertex Poisson algebra [FBZ].
The assignment A 7→ gr(A) is a functor from R to the category of Z≥0-graded (su-
per)commutative rings with a differential ∂ of degree zero, which we will call ∂-rings. A
∂-ring is just an abelian vertex algebra, that is, a vertex algebra V in which [a(z), b(w)] = 0
for all a, b ∈ V . A ∂-ring A is said to be generated by a subset {ai| i ∈ I} if {∂kai| i ∈ I, k ≥
0} generates A as a graded ring. The key feature of R is the following reconstruction
property [LL]:
Lemma 2.1. Let A be a vertex algebra in R and let {ai| i ∈ I} be a set of generators for gr(A)
as a ∂-ring, where ai is homogeneous of degree di. If ai(z) ∈ A(di) are vertex operators such that
φdi(ai(z)) = ai, then A is strongly generated as a vertex algebra by {ai(z)| i ∈ I}.
As shown in [LI], there is a similar reconstruction property for kernels of surjective
morphisms in R. Let f : A → B be a morphism in R with kernel J , such that f maps
A(k) onto B(k) for all k ≥ 0. The kernel J of the induced map gr(f) : gr(A) → gr(B) is
a homogeneous ∂-ideal (i.e., ∂J ⊂ J). A set {ai| i ∈ I} such that ai is homogeneous of
degree di is said to generate J as a ∂-ideal if {∂kai| i ∈ I, k ≥ 0} generates J as an ideal.
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Lemma 2.2. Let {ai|i ∈ I} be a generating set for J as a ∂-ideal, where ai is homogeneous
of degree di. Then there exist vertex operators ai(z) ∈ A(di) with φdi(ai(z)) = ai, such that
{ai(z)| i ∈ I} generates J as a vertex algebra ideal.
3. THE W1+∞ ALGEBRA
Let D be the Lie algebra of regular differential operators on C \ {0}, with coordinate t.
A standard basis for D is
J lk = −tl+k(∂t)l, k ∈ Z, l ∈ Z≥0,
where ∂t =
d
dt
. An alternative basis is {tkDl| k ∈ Z, l ∈ Z≥0}, where D = t∂t. There is a
2-cocycle on D given by
(3.1) Ψ
(
f(t)(∂t)
m, g(t)(∂t)
n
)
=
m!n!
(m+ n+ 1)!
Rest=0f
(n+1)(t)g(m)(t)dt,
and a corresponding central extension Dˆ = D ⊕ Cκ, which was first studied by Kac and
Peterson in [KP]. Dˆ has a Z-grading Dˆ =⊕j∈Z Dˆj by weight, given by
wt(J lk) = k, wt(κ) = 0,
and a triangular decomposition Dˆ = Dˆ+ ⊕ Dˆ0 ⊕ Dˆ−, where Dˆ± =
⊕
j∈±N Dˆj and Dˆ0 =
D0 ⊕ Cκ.
LetP be the parabolic subalgebra ofD consisting of differential operators which extend
to all of C, which has a basis {J lk| l ≥ 0, l+k ≥ 0}. The cocycle Ψ vanishes on P , so P may
be regarded as a subalgebra of Dˆ, and Dˆ0 ⊕ Dˆ+ ⊂ Pˆ , where Pˆ = P ⊕ Cκ. Given c ∈ C,
letCc denote the one-dimensional Pˆ-module on which κ acts by c · id and J lk acts by zero.
The induced Dˆ-module
Mc = U(Dˆ)⊗U(Pˆ) Cc
is known as the vacuum Dˆ-module of central charge c.Mc has a vertex algebra structure and
is generated by fields
J l(z) =
∑
k∈Z
J lkz
−k−l−1, l ≥ 0
of weight l + 1. The modes J lk represent Dˆ onMc, and we rewrite these fields in the form
J l(z) =
∑
k∈Z
J l(k)z−k−1,
where J l(k) = J lk−l. In fact, Mc is freely generated by {J l(z)| l ≥ 0}; the set of iterated
Wick products
: ∂i1J l1(z) · · ·∂irJ lr(z) :,
such that l1 ≤ · · · ≤ lr and ia ≤ ib if la = lb, forms a basis forMc.
A weight-homogeneous element ω ∈ Mc is called a singular vector if J l ◦k ω = 0 for
all k > l ≥ 0. The maximal proper Dˆ-submodule Ic is the vertex algebra ideal generated
by all singular vectors ω 6= 1, and the unique irreducible quotient Mc/Ic is denoted by
W1+∞,c. We denote the image of J l in W1+∞,c by jl. The cocycle (3.1) is normalized so
that Mc is reducible if and only if c ∈ Z. For each integer n ≥ 1, In is generated by a
singular vector of weight n + 1, andW1+∞,n ∼=W(gl(n)), and in particular has a minimal
strong generating set {j0, j1, . . . , jn−1} [FKRW]. Similarly, it was shown in [LI] that I−n
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is generated by a singular vector of weight (n + 1)2, and W1+∞,−n has a minimal strong
generating set {j0, j1, . . . , jn2+2n−1}. It is known [W] that W1+∞,−1 ∼= W(gl(3)), but no
identification ofW1+∞,−n with a standardW-algebra is known for n > 1.
4. THE SUPER W1+∞ ALGEBRA
Following the notation in [CW], we denote by SD the Lie superalgebra of regular dif-
ferential operators on the super circle S1|1. A standard basis for SD is given by
tk+1(∂t)
lθ∂θ, t
k+1(∂t)
l∂θθ, t
k+1(∂t)
lθ, tk+1(∂t)
l∂θ,
for l ∈ Z≥0 and k ∈ Z. Here θ is an odd indeterminate which commutes with t. The odd
elements θ and ∂θ generate a four-dimensional Clifford algebraClwith relation θ∂θ+∂θθ =
1, and SD = D ⊗ Cl.
LetM(1, 1) be the set of 2× 2matrices of the form(
α0 α+
α− α1
)
,
where αa ∈ C for a = 0, 1,±. There is a natural Z2-gradation onM(1, 1) where we define
M0 =
(
1 0
0 0
)
and M1 =
(
0 0
0 1
)
to be even, and M+ =
(
0 1
0 0
)
and M− =
(
0 0
1 0
)
to
be odd. The supertrace Str of the above matrix is α0 − α1. We have an isomorphism
Cl ∼= M(1, 1) of associative superalgebras given by
M0 7→ ∂θθ, M1 7→ θ∂θ, M+ 7→ ∂θ, M− 7→ θ.
Therefore we can regard SD as the superalgebra of 2 × 2 matrices with coefficients in D.
Let F (D) denote the matrix(
f0(D) f+(D)
f−(D) f1(D)
)
, D = t∂t, fa(x) ∈ C[x],
which we regard as an element of SD. Define a 2-cocycle Ψ on SD by
(4.1) Ψ(trF (D), tsG(D)) =
{∑
−r≤j≤−1 Str(F (j)G(j + r)) r = −s ≥ 0
0 r + s 6= 0.
We obtain a one-dimensional central extension ŜD = SD ⊕ CC, with bracket
[trF (D), tsG(D)] = tr+s(F (D + s)G(D)− (−1)|F ||G|F (D)G(D + r)) + Ψ(trF (D), tsG(D))C.
Here | · | denotes the Z2-gradation. The principal Z-gradation on ŜD is given by
wt(C) = 0, wt(tnf(D)∂θθ) = wt(t
nf(D)θ∂θ) = n,
wt(tn+1f(D)∂θ) = wt(t
nf(D)θ) = n+
1
2
.
(4.2)
This defines the triangular decomposition
ŜD = ŜD− ⊕ ŜD0 ⊕ ŜD+, ŜD± =
⊕
j∈±N/2
ŜDj.
Define Ja,kn = J
k
nMa for a = 0, 1,±, and define the parabolic subalgebra SP ⊂ SD to be
the Lie algebra spanned by
{Ja,kn |k + n ≥ 0, n ∈ Z, k ∈ Z≥0, a = 0, 1,±}.
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The cocyle (4.1) vanishes on SP , so SP is a subalgebra of ŜD, and ŜD0 ⊕ ŜD+ ⊂ ŜP ,
where ŜP = SP ⊕ CC.
Given c ∈ C, let Cc denote the one-dimensional ŜP-module on which C acts by c · id
and Ja,kn acts by zero. The induced ŜD-module
Mc(ŜD) = U(ŜD)⊗U(ŜP) Cc,
is known as the vacuum ŜD-module of central charge c.
Proposition 4.1. For all c ∈ C,
Mc(ŜD) ∼=M−c(ŜD).
Proof. We will construct an automorphism of ŜD that maps C to −C and henceMc(ŜD)
carries also an action of ŜD at central charge −c, establishing the isomorphism.
Define the map Π on SD by
Π(F (D)) =
(
f1(D) f−(D)
f+(D) f0(D)
)
.
This map respects the graded commutator of 2× 2matrices and Π ◦Π acts as the identity,
hence Π defines an automorphism on SD. Note that Π does not respect the supertrace
but changes sign, so the cocycle also satisfies
Ψ(trΠ(F (D)), tsΠ(G(D))) = −Ψ(trF (D), tsG(D)).
Defining Π(C) = −C extends Π to an automorphism of ŜD. 
The moduleMc(ŜD) possesses a vertex superalgebra structure, and is freely generated
by fields
Ja,k(z) =
∑
n∈Z
Ja,kn z
−n−k−1, k ≥ 0, a = 0, 1,±.
Here J0,k, J1,k are even and have weight k + 1, and J+,k, J−,k are odd and have weights
k + 1/2, k + 3/2, respectively. The modes Ja,kn represent ŜD onMc(ŜD), and we rewrite
these fields in the form
Ja,k(z) =
∑
k∈Z
Ja,k(n)z−n−1, Ja,k(n) = Ja,kn−k.
Define a filtration
(Mc(ŜD))(0) ⊂ (Mc(ŜD))(1) ⊂ · · ·
on Mc(ŜD) as follows: for l ≥ 0, (Mc(ŜD))(2l) is the span of iterated Wick products
of the generators Ja,k and their derivatives of length at most l, and (Mc(ŜD))(2l+1) =
(Mc(ŜD))(2l). In particular, Ja,k and its derivatives have degree 2. Equipped with this
filtration,Mc(ŜD) lies in the categoryR, and gr(Mc(ŜD)) is the polynomial superalgebra
C[∂lJa,k| l, k ≥ 0]. Each element Ja,k(m) ∈ ŜP for k,m ≥ 0 gives rise to a derivation of
degree zero on gr(Mc(ŜD)), and this action of ŜP on gr(Mc(ŜD)) is independent of c.
8
There are some substructures ofMc(ŜD) that will be important to us. First, the fields
J0,0, J1,0, J+,0, J−,0 satisfy
J0,0(z)J0,0(w) ∼ c(z − w)−2, J1,0(z)J1,0(w) ∼ −c(z − w)−2,
J0,0(z)J−,0(w) ∼ J−,0(w)(z − w)−1, J0,0(z)J+,0(w) ∼ −J+,0(w)(z − w)−1,
J1,0(z)J−,0(w) ∼ −J−,0(w)(z − w)−1, J1,0(z)J+,0(w) ∼ J+,0(w)(z − w)−1,
J+,0(z)J−,0(w) ∼ c(z − w)−2 − (J0,0(w) + J1,0(w))(z − w)−1,
(4.3)
so they generate a copy of the affine vertex superalgebra associated to gl(1|1) at level
c. Next, recall that the N = 2 superconformal vertex algebra Ac of central charge c is
generated by fields F, L,G±, where L is a Virasoro element of central charge c, F is an
even primary of weight one, and G± are odd primaries of weight 3
2
. These fields satisfy
F (z)F (w) ∼ c
3
(z − w)−2, G±(z)G±(w) ∼ 0,
F (z)G±(w) ∼ ±G±(w)(z − w)−1,
G+(z)G−(w) ∼ c
3
(z − w)−3 + F (w)(z − w)−2 + (L(w) + 1
2
∂F (w))(z − w)−1.
(4.4)
We have a vertex algebra homomorphism Ac →Mc(ŜD) given by
F 7→ 2
3
J0,0 − 1
3
J1,0, L 7→ J0,1 + J1,1 − 2
3
∂J0,0 − 1
6
∂J1,1,
G+ 7→ J−,0, G− 7→ −J+,1 + 1
3
∂J+,0.
(4.5)
Finally, {J0,k| k ≥ 0} and {J1,k| k ≥ 0} generate copies ofMc andM−c insideMc(ŜD),
respectively.
Lemma 4.2. Mc andM−c form a Howe pair, i.e., a pair of mutual commutants, insideMc(ŜD).
Proof. We show that Com(Mc,Mc(ŜD)) = M−c; the proof that Com(M−c,Mc(ŜD)) =
Mc is the same. Let ω ∈ Com(Mc,Mc(ŜD)), and write ω as a sum of monomials
(4.6) ∂a1J0,i1 · · ·∂arJ0,ir∂b1J1,j1 · · ·∂bsJ1,js∂c1J+,k1 · · ·∂ctJ+,kt∂d1J−,l1 · · ·∂duJ−,lu .
Since ω commutes with J0,0, we have t = u for each such term. Suppose that u > 0 for
some such monomial, and let l be the maximal integer such that J−,l appears in any such
monomial. Since J0,2 ◦1 J−,l = lJ−,l+1, we would have J0,2 ◦1 ω 6= 0, so we conclude that
u = 0. Therefore ω ∈ Mc ⊗M−c, and since the center ofMc is trivial, we conclude that
ω ∈M−c. 
Lemma 4.3. For each c ∈ C, the sets
S = {J0,0, J1,0, J+,0, J−,0, J0,1}, T = {J0,0, J1,0, J+,0, J−,0, J+,1, J−,1}
both generateM(ŜD)c as a vertex algebra.
Proof. Let 〈S〉 and 〈T 〉 denote the vertex subalgebras of M(ŜD)c generated by S and T ,
respectively. Note that J+,0 ◦0 J0,1 = J+,1 and J−,0 ◦0 J0,1 = −J−,1, so J+,1 and J−,1 both
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lie in 〈S〉. Next, J+,0 ◦0 J−,1 = −J0,1 − J1,1, which shows that J1,1 ∈ 〈S〉. So far, Ja,k ∈ 〈S〉
for a = 0, 1,± and k = 0, 1. Next, we have
J0,1 ◦0 J−,1 = J−,2, J1,1 ◦0 J+,1 = J+,2,
J−,2 ◦2 J+,2 − (J−,1 ◦1 J+,2) = −3J1,2, J−,2 ◦2 J+,2 + 2(J−,1 ◦1 J+,2) = −6J0,2.
This shows that Ja,k ∈ 〈S〉 for a = 0, 1,± and k ≤ 2.
For k ≥ 1, we have
J0,2 ◦1 J0,k−1 = (k + 1)J0,k − 2∂J0,k−1, J0,1 ◦0 J0,k = ∂J0,k.
It follows that α ◦1 J0,k−1 = (k + 1)J0,k, where α = J0,2 − 2∂J0,1. Since α ∈ 〈S〉, it follows
by induction that J0,k ∈ 〈S〉 for all k. Next, we have
J+,0 ◦0 J0,k = J+,k, J−,0 ◦0 J0,k = −J−,k,
so J+,k and J−,k lie in 〈S〉 for all k. Finally, J+,0 ◦0 J−,k = −J0,k − J1,k, which shows that
J1,k lies in 〈S〉 for all k. This shows thatM(ŜD)c = 〈S〉.
To prove thatM(ŜD)c = 〈T 〉, it is enough to show that J0,1 ∈ 〈T 〉. First, we have(
J−,1 ◦0 J+,1
) ◦1 J+,1 = −4J+,2 + 2∂J+,1,
which implies that J+,2 ∈ 〈T 〉. Finally, we have
J−,0 ◦1 J+,2 = −2J0,1,
which shows that J0,1 ∈ 〈T 〉. 
Lemma 4.3 shows thatMc(ŜD) is a finitely generated vertex algebra. However,Mc(ŜD)
is not strongly generated by any finite set of vertex operators. This follows from the fact
that gr(Mc(ŜD)) is the polynomial superalgebra with generators ∂lJa,k for k, l ≥ 0 and
a = 0, 1,±, which implies that there are no nontrivial normally ordered polynomial rela-
tions inMc(ŜD). A weight-homogeneous element ω ∈Mc(ŜD) is called a singular vector
if ω is annihilated by the operators
J0,k◦m, J1,k◦m, J−,k◦m, J+,k◦r, m > k, r ≥ k.
The maximal proper ŜD-submodule SIc is the ideal generated by all singular vectors ω 6=
1, and the super W1+∞ algebra Vc(ŜD) is the unique irreducible quotient Mc(ŜD)/SIc.
We denote the projectionMc(ŜD)→ Vc(ŜD) by pic, and we write
(4.7) ja,k = pic(J
a,k), k ≥ 0.
Clearly Vc(ŜD) is generated as a vertex algebra by the corresponding sets
{j0,0, j1,0, j+,0, j−,0, j0,1}, {j0,0, j1,0, j+,0, j−,0, j+,1, j−,1},
but there may now be normally ordered polynomial relations among {ja,k|k ≥ 0} and
their derivatives. The actions of Vc(gl(1|1)) and the N = 2 superconformal algebra Ac on
Mc(ŜD) descend to actions on Vc(ŜD) given by the same formulas, where Ja,k is replaced
by ja,k. Likewise, {j0,k| k ≥ 0} and {j1,k| k ≥ 0} generate mutually commuting copies of
W1+∞,c andW1+∞,−c, respectively, inside Vc(ŜD).
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5. THE CASE OF POSITIVE INTEGRAL CENTRAL CHARGE
For n ∈ Z,Mn(ŜD) is reducible and Vn(ŜD) has a nontrivial structure. For n = 0, J+,0
is a singular vector so V0(ŜD) ∼= C, and since Vn(ŜD) ∼= V−n(ŜD) it suffices to consider
the case n ≥ 1. The starting point of our study is a free field realization of Vn(ŜD) as the
GLn-invariant subalgebra of the bcβγ-system F of rank n [AFMO]. This indicates that the
structure of Vn(ŜD) is deeply connected to classical invariant theory.
The βγ-system S was introduced in [FMS], and is the unique vertex algebra with even
generators βi, γi for i = 1, . . . , n, which satisfy the OPE relations
βi(z)γj(w) ∼ δi,j(z − w)−1, γi(z)βj(w) ∼ −δi,j(z − w)−1,
βi(z)βj(w) ∼ 0, γi(z)γj(w) ∼ 0.(5.1)
There is a one-parameter family of conformal structures
(5.2) LSλ = λ
n∑
i=1
: βi∂γi : +(λ− 1)
n∑
i=1
: ∂βiγi :
of central charge n(12λ2−12λ+2), underwhich βi and γi are primary of conformal weights
λ and 1−λ, respectively. Similarly, the bc-system E is the unique vertex superalgebra with
odd generators bi, ci for i = 1, . . . , n, which satisfy the OPE relations
bi(z)cj(w) ∼ δi,j(z − w)−1, ci(z)bj(w) ∼ δi,j(z − w)−1,
bi(z)bj(w) ∼ 0, ci(z)cj(w) ∼ 0.(5.3)
There is a similar family of conformal structures
(5.4) LEλ = (1− λ)
n∑
i=1
: ∂bici : −λ
n∑
i=1
: bi∂ci :
of central charge n(−12λ2 + 12λ − 2), under which bi and ci are primary of conformal
weights λ and 1 − λ, respectively. The bcβγ-system F is just E ⊗ S, and we will assign F
the conformal structure
LF = LS5/6 + L
E
1/3,
under which βi, γi, bi, ci have weights 5/6, 1/6, 1/3, 2/3, respectively.
F admits a good increasing filtration
(5.5) F(0) ⊂ F(1) ⊂ · · · , F =
⋃
k≥0
F(k),
where F(k) is spanned by iterated Wick products of the generators bi, ci, βi, γi and their
derivatives, of length at most k. This filtration is GLn-invariant, and we have an isomor-
phism of supercommutative rings
(5.6) gr(F) ∼= Sym(
⊕
k≥0
(Vk ⊕ V ∗k ))
⊗∧
(
⊕
k≥0
(Uk ⊕ U∗k )).
Here Vk, Uk are copies of C
n, and V ∗k , U
∗
k are copies of (C
n)∗, as GLn-modules. The gener-
ators of gr(F) are βik, γik, bik, and cik, which correspond to the vertex operators ∂kβi, ∂kγi,
∂kbi, and ∂kci, respectively for k ≥ 0.
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Theorem 5.1. (Awata-Fukuma-Matsuo-Odake) There is an isomorphismVn(ŜD)→ FGLn given
by
j0,k 7→ −
n∑
i=1
: bi∂kci :, j1,k 7→
n∑
i=1
: βi∂kγi :,
j+,k 7→ −
n∑
i=1
: bi∂kγi :, j−,k 7→
n∑
i=1
: βi∂kci : .
(5.7)
The Virasoro element L of Vn(ŜD) is given by
(5.8) L = j0,1 + j1,1 − 2
3
∂j0,0 − 1
6
∂j1,0.
Clearly L maps to LF , and the above map is a morphism in the category R. Note that
the copies of W1+∞,n and W1+∞,−n generated by {j0,k| k ≥ 0} and {j1,k| k ≥ 0}, re-
spectively, form a Howe pair inside Vn(ŜD). This is clear from Theorem 5.1. Any ω ∈
Com(W1+∞,n,Vn(ŜD)) must commute with j0,1, so it cannot depend on bi, ci and their
derivatives. Similarly, any ω ∈ Com(W1+∞,−n,Vn(ŜD)) must commute with j1,1, so it
cannot depend on βi, γi and their derivatives.
The identification Vn(ŜD) ∼= FGLn suggests an alternative strong generating set for
Vn(ŜD) coming from classical invariant theory. Since GLn preserves the filtration on F ,
we have
(5.9) gr(Vn(ŜD)) ∼= gr(FGLn) ∼= gr(F)GLn.
The generators and relations for gr(F)GLn are given by Weyl’s first and second funda-
mental theorems of invariant theory for the standard representation of GLn [We]. This
theorem was originally stated for the GLn-invariants in the symmetric algebra, but the
following is an easy generalization to the case of odd as well as even variables.
Theorem 5.2. (Weyl) For k ≥ 0, let Vk and Uk be the copies of the standard GLn-module Cn with
basis xi,k and yi,k, for i = 1, . . . , n, respectively. Let V
∗
k and U
∗
k be the copies of (C
n)∗ with basis
x′i,k and y
′
i,k, respectively. The invariant ring
R =
((
Sym
⊕
k≥0
(Vk ⊕ V ∗k )
)⊗(∧⊕
k≥0
(Uk ⊕ U∗k )
))GLn
is generated by the quadratics
q0k,l =
n∑
i=1
yi,ky
′
i,l, q
1
k,l =
n∑
i=1
xi,kx
′
i,l,
q+k,l =
n∑
i=1
yi,kx
′
i,l, q
−
k,l =
n∑
i=1
xi,ky
′
i,l.
(5.10)
Let Q0k,l, Q
1
k,l be even indeterminates and let Q
+
k,l, Q
−
k,l be odd indeterminates for k, l ≥ 0. The
kernel In of the homomorphism
(5.11) C[Qak,l]→ R, Qak,l 7→ qak,l,
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is generated by homogeneous polynomials dI,J of degree n + 1 in the variables Q
a
k,l. Here I =
(i0, . . . , in) and J = (j0, . . . , jn) are lists of nonnegtive integers, where ir corresponds to either Vir
or Uir , and js corresponds to either V
∗
js or U
∗
js . We call indices ir and js bosonic if they correspond
to Vir and V
∗
js , and fermionic if they correspond to Uir and U
∗
js , respectively. Bosonic indices
appearing in either I or J must be distinct, but fermionic incides can be repeated. Finally, dI,J is
uniquely characterized by the condition that it changes sign if bosonic indices in either I or J are
permuted, and remains unchanged if fermionic indices are permuted. If all indices are bosonic,
(5.12) dI,J = det
Q
1
i0,j0
· · · Q1i0,jn
...
...
Q1in,j0 · · · Q1in,jn
 .
Under the identification (5.9), the generators qak,l correspond to strong generators
ω0k,l =
n∑
i=1
: ∂kbi∂lci :, ω1k,l =
n∑
i=1
: ∂kβi∂lγi :,
ω+k,l =
n∑
i=1
: ∂kbi∂lγi :, ω−k,l =
n∑
i=1
: ∂kβi∂lci :
(5.13)
of V−n(ŜD), satisfying φ2(ωa,b) = qa,b. In this notation, we have
(5.14) j0,k = −ω00,k, j1,k = ω10,k, j+,k = −ω+0,k, j−,k = ω−0,k, k ≥ 0.
For each m ≥ 0, let Aam denote the vector space with basis {ωak,l| k + l = m}. We have
dim(Aam) = m+ 1, and dim
(
Aam/∂(A
a
m−1)
)
= 1. Hence Aam has a decomposition
(5.15) Aam = ∂(A
a
m−1)⊕ 〈ja,m〉,
where 〈ja,m〉 is the linear span of ja,m. Clearly {∂lj0,m| 0 ≤ l ≤ m} is a basis of Am, so for
k + l = m, ωak,l ∈ Am can be expressed uniquely in the form
(5.16) ωak,l =
m∑
i=0
λi∂
ija,m−i,
for constants λi. Hence {∂kja,m| k,m ≥ 0} and {ωak,m| k,m ≥ 0} are related by a lin-
ear change of variables. Using (5.16), we can define an alternative strong generating set
{Ωak,l| k, l ≥ 0} forMn(ŜD) by the same formula: for k + l = m,
Ωak,l =
m∑
i=0
λi∂
iJa,m−i.
Clearly pin(Ω
a
k,l) = ω
a
k,l.
6. THE STRUCTURE OF THE IDEAL SIn
Recall that the projection pin :Mn(ŜD)→ Vn(ŜD)with kernel SIn is a morphism in the
category R. Under the identifications
gr(Mn(ŜD)) ∼= C[Qak,l], gr(Vn(ŜD)) ∼= C[qak,l]/In,
gr(pin) is just the quotient map (5.11).
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Lemma 6.1. For each classical relation dI,J there exists a unique vertex operator
(6.1) DI,J ∈ (Mn(ŜD))(2n+2) ∩ SIn
satisfying
(6.2) φ2n+2(DI,J) = dI,J .
These elements generate SIn as a vertex algebra ideal.
Proof. Clearly pin maps each filtered piece (Mn(ŜD))(k) onto (Vn(ŜD))(k), so the hypothe-
ses of Lemma 2.2 are satisfied. Since In = Ker(gr(pin)) is generated by {dI,J}, we can find
DI,J ∈ (Mn(ŜD))(2n+2) ∩ SIn satisfying φ2n+2(DI,J) = dI,J , such that {DI,J} generates
SIn. If D′I,J also satisfies (6.2), we would have DI,J − D′I,J ∈ (Mn(ŜD))(2n) ∩ SIn. Since
there are no relations in Vn(ŜD) of degree less than 2n + 2, we have DI,J −D′I,J = 0. 
Recall the generators bij , c
i
j, β
i
j, γ
i
j of gr(F) corresponding to ∂jbi, ∂jci, ∂jβi, ∂jγi. LetW ⊂
gr(F) be the vector space with basis {bij , cij, βij , γij| j ≥ 0}, and for each m ≥ 0, let Wm be
the subspace with basis {bij , cij, βij , γij| 0 ≤ j ≤ m}. Let φ : W → W be a linear map of
weight w ≥ 1, such that
(6.3) φ(bij) = λ
b
jb
i
j+w, φ(c
i
j) = µ
c
jc
i
j+w, φ(β
i
j) = λ
β
j β
i
j+w, φ(γ
i
j) = µ
γ
j γ
i
j+w
for constants λbj, µ
c
j, λ
β
j , µ
γ
j ∈ C which are independent of i. For example, the restrictions
of j0,k(k − w) and j1,k(k − w) toW is such a map for k ≥ w.
Lemma 6.2. Fix w ≥ 1 andm ≥ 0, and let φ be a linear map satisfying (6.3). Then the restriction
φ
∣∣
Wm
can be expressed uniquely as a linear combination of the operators
{j0,k(k − w)∣∣
Wm
, j1,k(k − w)∣∣
Wm
| 0 ≤ k − w ≤ 2m+ 1}.
Proof. The argument is the same as the proof of Lemma 6 of [LII]. 
Lemma 6.3. Fix w ≥ 1 and m ≥ 0, and let φ be a linear map satisfying
(6.4) φ(bij) = λjβ
i
j+w, φ(c
i
j) = 0, φ(β
i
j) = 0, φ(γ
i
j) = 0.
for constants λj ∈ C which are independent of i. Then the restriction φ
∣∣
Wm
can be expressed as a
linear combination of j−,k(k − w) for 0 ≤ k − w ≤ 2m+ 1.
Similarly, let ψ be a linear map satisfying
(6.5) ψ(bij) = 0, ψ(c
i
j) = µjγ
i
j+w, ψ(β
i
j) = 0, ψ(γ
i
j) = 0.
for constants µj ∈ C. Then the restriction ψ
∣∣
Wm
can be expressed as a linear combination of the
operators j+,k(k − w)∣∣
Wm
for 0 ≤ k − w ≤ 2m+ 1.
Proof. This is easy to extract from Lemma 6.2 using the gl(1|1) structure. 
Let 〈DI,J〉 denote the vector space with basis {DI,J} where I, J are as in Theorem 5.2.
We have 〈DI,J〉 = (Mn(ŜD))(2n+2) ∩ SIn, and clearly 〈DI,J〉 is a module over the Lie
algebra ŜP ⊂ ŜD generated by {Ja,k(m)|m, k ≥ 0}, since ŜP preserves both the filtration
on Mn(ŜD) and the ideal SIn. The action of ŜP on 〈DI,J〉 is by “weighted derivation”
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in the following sense. Given I = (i0, . . . , in), J = (j0, . . . , jn) and given an even operator
φ ∈ ŜP satisfying (6.3), we have
(6.6) φ(DI,J) =
n∑
r=0
λirDIr,J + µjrDI,Jr ,
for lists Ir = (i0, . . . , ir + w, . . . , in) and J
r = (j0, . . . , jr + w, . . . , jn). Here λir = λ
b
ir if ir
is fermionic, and λir = λ
β
ir if ir is bosonic. Moreover, ir + w has the same parity as ir,
i.e., it is bosonic (respectively fermionic) if and only if ir is. Similarly, µjr = µ
c
jr if jr is
fermionic, and µjr = µ
γ
jr if jr is bosonic, and the parities of jr and jr +w are the same. The
odd operators φ ∈ ŜP given by Lemma 6.3 have a similar derivation property except that
they reverse the parity of the entries ir and jr.
For each n ≥ 1, there are four distinguished elements in 〈DI,J〉, which correspond to
I = (0, . . . , 0) = J . Define D+ to be the element where all entries of I are fermionic, and
one entry J is bosonic. Similarly, define D− to be the element where one entry of I is
bosonic and all entries of J are fermionic. Finally, define D0 to be the element where all
entries in both I and J are fermionic, and define D1 to be the element where one entry of
I and one entry of J are bosonic. ClearlyD0, D1, D+, D− have weights n+1, n+1, n+1/2,
and n + 3/2, respectively. It is clear that D+ is the unique element of SIn of minimal
weight n+ 1/2, and hence is a singular vector inMn(ŜD).
Theorem 6.4. D+ generates SIn as a vertex algebra ideal.
Proof. Since SIn is generated by 〈DI,J〉 as a vertex algebra ideal, it suffices to show that
〈DI,J〉 is generated by D+ as a module over ŜP . Let SI ′n denote the ideal in Mn(ŜD)
generated by D+, and let 〈DI,J〉(m) denote the subspace spanned by elements DI,J with
|I|+ |J | = m. We will prove by induction on m that 〈DI,J〉(m) ⊂ SI ′n.
First we need to show that 〈DI,J〉(0) ⊂ SI ′n, i.e., D0, D1, and D− lie in SI ′n. Note that
J−,0 ◦0 D+ = D0 + (n + 1)D1, so D0 + (n + 1)D1 lies in SI ′n. By Lemma 6.2, we can find
φ ∈ ŜP such that
φ(βi0) = β
i
1, φ(β
i
r) = 0, r > 0,
φ(γis) = 0, φ(c
i
s) = 0, φ(b
i
s) = 0, s ≥ 0.
(6.7)
We have φ(D0) = 0 and φ(D1) = DI,J where I = (1, 0, . . . , 0) and J = (0, . . . , 0). Moreover,
the entry 1 in I is bosonic, and all other entries of I are fermionic, and J contains one
bosonic entry and n− 1 fermionic entries. It follows that φ(D0 + (n+1)D1) = (n+1)DI,J ,
so DI,J ∈ SI ′n. Next, note that j1,1(2)(βi1) = 2βi0, so J1,1 ◦2 (DI,J) = 2D1. This shows that
D1 ∈ SI ′n, so D0 ∈ SI ′n as well. Finally, J−,0 ◦0 (D0) = D−, so D− also lies in SI ′n.
For m > 0, we assume inductively that 〈DI,J〉(r) lies in SI ′n for 0 ≤ r < m. Fix I =
(i0, . . . , in) and J = (j0, . . . , jn) with |I|+ |J | = m.
Case 1: I = (0, . . . , 0), and j0, . . . , jn are all fermionic. Since m > 0, at least one of the
jk’s is nonzero. Let J
′ be obtained from J by replacing jk with 0. By Lemma 6.2, we can
find φ ∈ ŜP with the property that
φ(ci0) = c
i
jk
, φ(cir) = 0, r > 0,
φ(γis) = 0, φ(b
i
s) = 0, φ(β
i
s) = 0, s ≥ 0.
(6.8)
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Then φ(DI,J ′) = λDI,J where λ is a nonzero constant depending on the number of indices
appearing in J which are zero. Since DI,J ′ ∈ 〈DI,J〉(m−jk) ⊂ SI ′n, we have DI,J ∈ SI ′n.
Case 2: I = (0, . . . , 0), and for some 0 ≤ r < n, j0, . . . , jr are fermionic and jr+1, . . . , jn
are bosonic. If one of the fermionic entries jk 6= 0 for 0 ≤ k ≤ r, we proceed as in Case 1.
If j0 = · · · = jr, there exists jk > 0 for some k = r + 1, . . . , n. Let J ′ be obtained from J by
replacing the bosonic entry jk with the fermionic entry 0. Then DI,J ′ ∈ 〈DI,J〉(m−jk) ⊂ SI ′n.
Using Lemma 6.3, we can find φ ∈ ŜP such that
φ(ci0) = γ
i
jk
, φ(cir) = 0, r > 0,
φ(γis) = 0, φ(b
i
s) = 0, φ(β
i
s) = 0, s ≥ 0.
(6.9)
It follows that, up to a nonzero constant, φ(DI,J ′) = DI,J , so DI,J ∈ SI ′n.
Case 3: I 6= (0, . . . , 0). This is the same as Cases 1 and 2 with the roles of I and J
reversed. 
7. A MINIMAL STRONG FINITE GENERATING SET FOR Vn(ŜD)
Recall that {j0,k| k ≥ 0} generates a copy of W1+∞,n inside Vn(ŜD). It is well known
[FKRW] that the relation D0 above is a singular vector for the action of the Lie subalgebra
P̂ ⊂ ŜP , and is of the form
J0,n − P (J0,0, . . . , J0,n−1),
where P is a normally ordered polynomial in J0,0, . . . , J0,n−1 and their derivarives. Ap-
plying the projection pin :Mn(ŜD)→ Vn(ŜD) yields a decoupling relation
j0,n = P (j0,0, . . . , j0,n−1).
This relation is responsible for the isomorphismW1+∞,n ∼=W(gl(n)). In fact, by applying
the operator j0,2◦1 repeatedly, it is easy to construct higher decoupling relations
(7.1) j0,m = Pm(j
0,0, j0,1, . . . , j0,n−1), m ≥ n.
In particular, {j0,k| 0 ≤ k < n} strongly generates W1+∞,n. There are no nontrivial nor-
mally ordered polynomial relations among these generators and their derivatives, so they
freely generateW1+∞,n.
Theorem 7.1. The set {j0,k, j1,k, j+,k, j−,k| k = 0, 1, . . . , n − 1} is a minimal strong generating
set for Vn(ŜD) as a vertex algebra.
Proof. We shall find all the necessary decoupling relations by acting on the relations (7.1)
by the copy of gl(1|1) spanned by ja,0◦0 for a = 0, 1,±. First, acting by j+,0◦0 on the
relations (7.1) and using the fact that
J+,0 ◦0 ∂mJ0,k = ∂mJ+,k,
we get relations
(7.2) j+,m = Qm(j
0,0, j+,0, j0,1, j+,1, . . . , j0,n−1, j+,n−1),
for m ≥ n. Similarly, acting on (7.1) by j−,0◦0 and using
J−,0 ◦0 ∂mJ0,k = −∂mJ−,k,
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we obtain decoupling relations
(7.3) j−,m = Rm(j
0,0, j−,0, j0,1, j−,1, . . . , j0,n−1, j−,n−1),
for m ≥ n. Finally, acting by j+,0◦0 on (7.3) and using
J+,0 ◦0 ∂mJ−,k = −∂mJ0,k − ∂mJ1,k,
we obtain relations
(7.4)
j0,m + j1,m = Sm(j
0,0, j1,0, j+,0, j−,0, j0,1, j1,1, j+,1, j−,1, . . . , j0,n−1, j1,n−1, j+,n−1, j−,n−1),
for m ≥ n. We can subtract from this the relation (7.1), obtaining
(7.5) j1,m = Tm(j
0,0, j1,0, j+,0, j−,0, j0,1, j1,1, j+,1, j−,1, . . . , j0,n−1, j1,n−1, j+,n−1, j−,n−1).
The relations (7.1)-(7.3) and (7.5) imply that {j0,k, j1,k, j+,k, j−,k| k = 0, 1, . . . , n−1} strongly
generates Vn(ŜD). The fact that this set is minimal is a consequence of Weyl’s second
fundamental theorem of invariant theory for GLn; there are no relations of weight less
than or equal to n+ 1/2. 
The cases n = 1 and n = 2. It is immediate from Theorem 7.1 that V1(ŜD) ∼= V1(gl(1|1)).
In the case n = 2, the decoupling relations for ja,2 for a = 0, 1,± are as follows:
j0,2 = −1
6
: j0,0j0,0j0,0 : −1
2
: j0,0∂j0,0 : + : j0,0j0,1 : +∂j0,1 − 1
6
∂2j0,0,
j+,2 = −1
2
: j+,0j0,0j0,0 : −1
2
: j+,0∂j0,0 : + : j+,1j0,0 : + : j+,0j0,1 :,
j−,2 = −1
2
: j−,0j0,0j0,0 : −1
2
: j−,0∂j0,0 : − : ∂j−,0j0,0 : + : j−,1j0,0 :
+ : j−,0j0,1 : −∂2j−,0 + 2∂j−,1,
j1,2 = − : j−,0j+,0j0,0 : −1
2
: j1,0j0,0j0,0 : −1
3
: j0,0j0,0j0,0 : − : ∂j−,0j+,0 :
+ : j−,1j+,0 : + : j−,0j+,1 : − : ∂j1,0j0,0 : −1
2
: j1,0∂j0,0 : + : j1,1j0,0 :
+ : j1,0j0,1 : − : j0,0∂j0,0 : + : j0,0j0,1 : −1
3
∂2j0,0 + ∂j0,1 − ∂2j1,0 + 2∂j1,1.
(7.6)
Since the original generating set {ja,k| k ≥ 0} closes linearly under OPE, these decou-
pling relations allow us to write down all nonlinear OPE relations in V2(ŜD) among the
strong generating set {ja,k| k = 0, 1}. For example,
(7.7) j−,1(z)j+,1(w) ∼ 2(z−w)−4+(j1,1−j0,1)(w)(z−w)−2+(∂j1,1−j1,2−j0,2)(w)(z−w)−1,
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which yields
j−,1(z)j+,1(w) ∼ 2(z − w)−4 + (j1,1 − j0,1)(w)(z − w)−2
+
(
: j−,0j+,0j0,0 : +
1
2
: j1,0j0,0j0,0 : +
1
2
: j0,0j0,0j0,0 : + : ∂j−,0j+,0 : − : j−,1j+,0 :
− : j−,0j+,1 : + : ∂j1,0j0,0 : +1
2
: j1,0∂j0,0 : − : j1,1j0,0 : − : j1,0j0,1 : +3
2
: j0,0∂j0,0 :
− 2 : j0,0j0,1 : +1
2
∂2j0,0 − 2∂j0,1 + ∂2j1,0 − ∂j1,1
)
(w)(z − w)−1.
(7.8)
Similarly, we have the following additional nonlinear OPEs:
j0,1(z)j−,1(w) ∼ j−,1(w)(z − w)−2 +
(
− 1
2
: j−,0j0,0j0,0 : −1
2
: j−,0∂j0,0 : − : ∂j−,0j0,0 :
+ : j−,1j0,0 : + : j−,0j0,1 : −∂2j−,0 + 2∂j−,1
)
(w)(z − w)−1,
(7.9)
j1,1(z)j−,1(w) ∼ j−,1(w)(z − w)−2 +
(
1
2
: j−,0j0,0j0,0 : +
1
2
: j−,0∂j0,0 :
+ : ∂j−,0j0,0 : − : j−,1j0,0 : − : j−,0j0,1 : +∂2j−,0 − ∂j−,1
)
(w)(z − w)−1.
(7.10)
j0,1(z)j+,1(w) ∼ j+,1(w)(z − w)−2 +
(
1
2
: j+,0j0,0j0,0 : +
1
2
: j+,0∂j0,0 :
− : j+,1j0,0 : − : j+,0j0,1 : +∂j+,1
)
(w)(z − w)−1.
(7.11)
j1,1(z)j+,1(w) ∼ j+,1(w)(z − w)−2 +
(
− 1
2
: j+,0j0,0j0,0 : −1
2
: j+,0∂j0,0 :
+ : j+,1j0,0 : + : j+,0j0,1 :
)
(w)(z − w)−1.
(7.12)
The remaining nontrivial OPEs in V2(ŜD) are linear in the generators, and are omitted.
8. A DEFORMABLE FAMILY WITH LIMIT Vn(ŜD)
We will construct a deformable family of vertex algebras Bn,k with the property that
Bn,∞ = limk→∞Bn,k ∼= Vn(ŜD). The key property will be that for generic values of k,
Bn,k has a minimal strong generating set consisting of 4n fields, and has the same graded
character as Vn(ŜD).
First, we need to formalize what we mean by a deformable family. Let K ⊂ C be a
subset which is at most countable, and let FK denote the C-algebra of rational functions
in a formal variable κ of the form p(κ)
q(κ)
where deg(p) ≤ deg(q) and the roots of q lie in
K. A deformable family will be a free FK-module B with the structure of a vertex algebra
with coefficients in FK . Vertex algebras over FK are defined in the same way as ordinary
vertex algebras over C. We assume that B possesses a Z≥0-grading B =
⊕
m≥0 B[m] by
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conformal weight where each B[m] is free FK-module of finite rank. For k /∈ K, we have
a vertex algebra
Bk = B/(κ− k),
where (κ− k) is the ideal generated by κ− k. Clearly dimC(Bk[m]) = rankFK (B[m]) for all
k /∈ K and m ≥ 0. We have a vertex algebra B∞ = limκ→∞B with basis {αi| i ∈ I}, where
{ai| i ∈ I} is any basis of B over FK , and αi = limκ→∞ ai. By construction, dimC(B∞[m]) =
rankFK(B[m]) for allm ≥ 0. The vertex algebra structure on B∞ is defined by
(8.1) αi ◦n αj = lim
κ→∞
ai ◦n aj, i, j ∈ I, n ∈ Z.
The FK-linear map φ : B → B∞ sending ai 7→ αi satisfies
(8.2) φ(ω ◦n ν) = φ(ω) ◦n φ(ν), ω, ν ∈ B, n ∈ Z.
Moreover, all normally ordered polynomial relations P (αi) among the generators αi and
their derivatives are of the form
lim
κ→∞
P˜ (ai),
where P˜ (ai) is a normally ordered polynomial relation among the ai’s and their deriva-
tives, which converges termwise to P (αi). In other words, suppose that
P (αi) =
∑
j
cjmj(αi)
is a normally ordered relation of weight d, where the sum runs over all normally ordered
monomials mj(αi) of weight d, and the coefficients cj lie in C. Then there exists a relation
P˜ (ai) =
∑
j
cj(κ)mj(ai)
where limκ→∞ cj(κ) = cj andmj(ai) is obtained from mj(αi) by replacing αi with ai.
We are interested in the relationship between strong generating sets for B∞ and B.
Lemma 8.1. Let B be a vertex algebra over FK as above. Let U = {αi| i ∈ I} be a strong
generating set forB∞, and let T = {ai| i ∈ I} be the corresponding subset of B, so that φ(ai) = αi.
There exists a subset S ⊂ C containing K which is at most countable, such that FS ⊗FK B is
strongly generated by T . Here we have identified T with the set {1⊗ ai| i ∈ I} ⊂ FS ⊗FK B.
Proof. Without loss of generality, we may assume that U is linearly independent. Com-
plete U to a basis U ′ for B∞ containing finitely many elements in each weight, and let T ′
be the corresponding basis of B over FK . Let d be the first weight such that U ′ contains
elements which do not lie in U , and let {α1,d, . . . , αr,d} be the set of elements of U ′ \ U of
weight d. Since U strongly generates B∞, we have decoupling relations in B∞ of the form
αj,d = Pj(αi), j = 1, . . . , r.
Here P is a normally ordered polynomial in the generators {αi| i ∈ I} and their deriva-
tives. Let aj,d be the corresponding elements of T
′. There exist relations
aj,d = P˜j(ai, a1,d, . . . , âj,d, . . . , ar,d), j = 1, . . . , r,
which converge termwise to Pj(αi). Here P˜j does not depend on aj,d but may depend on
ak,d for k 6= j. Since each ak,d has weight d and P˜j is homogeneous of weight d, P˜j depends
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linearly on ak,d. We can therefore rewrite these relations in the form
r∑
k=1
bjkak,d = Qj(ai), bjk ∈ FK ,
where bjj = 1, limκ→∞ bjk = 0 for j 6= k, and
Qj(ai) = P˜j(ai, a1,d, . . . , âj,d, . . . , ar,d) +
j−1∑
k=1
bjkak,d +
r∑
k=j+1
bjkak,d.
Clearly limκ→∞ det[bjk] = 1, so this matrix is invertible over the field of rational functions
in κ. Let Sd denote the union ofK with the set of distinct roots of the numerator of det[bjk]
regarded as a rational function of κ. We can solve this linear system over the ring FSd , so
in FSd ⊗FK B we obtain decoupling relations
aj,d = Q˜j(ai), j = 1, . . . , r.
For each weight d+ 1, d+ 2 . . . we repeat this procedure, obtaining sets
Sd ⊂ Sd+1 ⊂ Sd+2 ⊂ · · ·
and decoupling relations
a = P (ai)
in FSd+i ⊗C B, for each a ∈ T ′ \ T of weight d+ i. Letting S =
⋃
i≥0 Sd+i, we obtain decou-
pling relations in FS ⊗FK B expressing each a ∈ T ′ \ T as a normally ordered polynomial
in a1, . . . , as and their derivatives. 
Corollary 8.2. For k /∈ S, the vertex algebra Bk = B/(κ− k) is strongly generated by the image
of T under the map B → Bk.
Next we consider a deformation of FGLn ∼= Vn(ŜD). Note that F carries an action of
V0(gl(n))which is just the sum of the action of V1(gl(n)) on the bc-system E , and the action
of V−1(gl(n)) on the βγ-system S. Fix an orthonormal basis {ξi} for gl(n) relative to the
normalized Killing form. We have the diagonal homomorphism
(8.3) Vk(gl(n))→ Vk(gl(n))⊗ F , X¯ξi 7→ X˜ξi ⊗ 1 + 1⊗Xξi.
Here X¯ξi and X˜ξi are the generators of the first and second copies of Vk(gl(n)), respec-
tively, andXξi are the generators of the image of V0(gl(n)) inside F . Define
Bn,k = Com(Vk(gl(n)), Vk(gl(n))⊗F).
There is a linear map Bn,k → FGLn defined as follows. Each element ω ∈ Bn,k of weight d
can be written uniquely in the form ω =
∑d
r=0 ωr where ωr lies in the space
(8.4) (Vk(gl(n))⊗F)(r)
spanned by terms of the form α ⊗ ν where α ∈ Vk(gl(n)) has weight r. Clearly ω0 ∈ FGLn
so we have a well-defined linear map
(8.5) φk : Bn,k → FGLn, ω 7→ ω0.
Note that φk is not a vertex algebra homomorphism for any k.
Lemma 8.3. φk is injective whenever Vk(gl(n)) is a simple vertex algebra.
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Proof. Assume that Vk(gl(n)) is simple. Fix ω ∈ Bn,k, and suppose that φk(ω) = 0. If
ω 6= 0, there is a minimal integer r > 0 such that ωr 6= 0. We may express ωr as a linear
combination of terms of the form α⊗ ν for which the ν’s are linearly independent. Since
ω lies in the commutant Bn,k, it follows that each of the above α’s must be annihilated by
X˜ξi(m) for allm > 0. Since wt(α) = r > 0, this implies that α generates a nontrivial ideal
in Vk(gl(n)), which is a contradiction. 
Let K ⊂ C be the set of values of k such that Vk(gl(n)) is not simple. This set is count-
able and is described explicitly by Theorem 0.2.1 in the paper [GK] by Kac and Gorelik.
As above, there exists a vertex algebra Bn with coefficients in FK with the property that
Bn/(κ − k) = Bn,k for all k /∈ K. The generators of Bn are the same as the generators of
Bn,k, where k has been replaced by the formal variable κ, and the OPE relations are the
same as well. The maps φk above give rise to a linear map φκ : Bn → FK ⊗C FGLn , which
is not a vertex algebra homomorphism.
Lemma 8.4. The map φκ : Bn → FK ⊗C FGLn is a linear isomorphism, and the induced map
φ = limκ→∞ φκ is a vertex algebra isomorphism from Bn,∞ → FGLn .
Proof. Recall that by Lemma 4.3, FGLn is generated by {j0,0, j1,0, j+,0, j−,0, j0,1}. To prove
the surjectivity of φκ, it is enough to find elements {t0,0, t1,0, t+,0, t−,0, t0,1} in Bn,k such that
φk(t
a,k) = ja,k and limk→∞ t
a,k = ja,k. This is a straightforward calculation, where
t0,0 = 1⊗ j0,0 − 1
k
∑
i
X˜ξi ⊗ (Xξi ◦1 j0,0), t1,0 = 1⊗ j1,0 − 1
k
∑
i
X˜ξi ⊗ (Xξi ◦1 j1,0),
t±,0 = 1⊗ j±,0, t0,1 = 1⊗ j0,1 − 1
k
∑
i
X˜ξi ⊗ (Xξi ◦1 j0,1).
(8.6)
It is clear from (8.6) that φ is a vertex algebra isomorphism. 
Theorem 8.5. Let U be the strong generating set {j0,l, j1,l, j+,l, j−,l| l = 0, 1, . . . , n − 1} for
Vn(ŜD) ∼= FGLn given by Theorem 7.1, and let T = {t0,l, t1,l, t+,l, t−,l| l = 0, 1, . . . , n− 1} be the
corresponding subset of Bn,k with φk(ta,l) = ja,l. For generic values of k, T is a minimal strong
generating set for Bn,k.
Proof. By Lemma 8.1 and Corollary 8.2, T strongly generates Bn,k for generic k. If T were
not minimal, we would have a decoupling relation expressing ta,l as a normally ordered
polynomial in the remaining elements of T and their derivatives, for some l ≤ n − 1.
This relation has weight at most n + 1/2, and taking the limit as k → ∞ would give us a
nontrivial relation in Vn(ŜD) of the same weight. But this is impossible by Theorem 5.2,
which implies that there are no such relations in FGLn . 
Finally, note that if {νi| i ∈ I} generates FGLn , not necessarily strongly, the correspond-
ing subset {ωi| i ∈ I} generates Bn,k for generic values of k. This is immediate from the
fact that if {νi| i ∈ I} generates FGLn , the set
{νi1 ◦j1 (· · · (νir−1 ◦jr−1 νir) · · · )| i1, . . . , ir ∈ I, j1, . . . , jr−1 ≥ 0}
strongly generates FGLn .
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Corollary 8.6. The sets {t0,0, t1,0, t+,0, t−,0, t0,1} and {t0,0, t1,0, t+,0, t−,0, t+,1, t−,1} both generate
Bn,k for generic values of k.
9. W-ALGEBRAS OF ĝl (n|n)
Asmentioned in the introduction,W-algebras can often be realized in various ways. In
this section, we find a family ofW-algebrasWn,k associated to a certain simple and purely
odd root system of gl (n|n). We will see that Vn(ŜD) = limk→∞Wn,k. In the case n = 2 we
write down all nontrivial OPE relations inW2,k explicitly.
Definition 9.1. Let X = {Eij|1 ≤ i, j ≤ 2n} be the basis of a Z2-graded C-vector space with
gradation given by
(9.1) |Eij| =
{
0 for 1 ≤ i, j ≤ n or n + 1 ≤ i, j ≤ 2n
1 for 1 ≤ i ≤ n, n+ 1 ≤ j ≤ 2n or 1 ≤ j ≤ n, n+ 1 ≤ i ≤ 2n.
Then
(9.2) [Eij , Ekl] = δj,kEil − (−1)|Eij ||Ekl|δi,lEkj
provides the C-span of X with the structure of a Lie superalgebra, namely gl (n|n). A consistent,
graded symmetric, invariant and nondegenerate bilinear form is given by
(9.3) B(Eij , Ekl) = δj,kδi,l ×
{
1 for 1 ≤ i ≤ n
−1 for n+ 1 ≤ i ≤ 2n.
A Cartan subalgebra has a basis given by the Eii. A root system is given by αij for
1 ≤ i 6= j ≤ 2n with αij(Ekk) = δik − δjk. The parity of a root is defined as |αij| = |Eij|.
The distinguished system of positive simple roots is given by αi,i+1, where only αn,n+1 is
an odd root. We are interested in a system of positive simple and purely odd roots. Such
a system is given by {αi = αi,n+i, βi = αn+i,i+1}. Define 2n bosonic fields J±i , 1 ≤ i ≤ n,
and 2n fermionic fields ψ±i , with operator products
(9.4) J±i (z)J
±
j (w) ∼ ±
kδi,j
(z − w)2 , ψ
±
i (z)ψ
±
j (w) ∼ ±
kδi,j
(z − w) ,
and all other operator products regular. The complex number k will be called the level.
Let J±i (z) =
∑
n∈Z J
±
i (n)z
−n−1 be the expansion as a formal Laurent series of the field
J±i (z). The coefficients satisfy the commutation relations of a rank 2nHeisenberg algebra
[J±i (n), J
±
j (m)] = nδi.jδn+m,0k of level k. Let
φ±i (z) = q
±
i + J
±
i (0) ln z −
∑
n 6=0
J±i (n)
n
x−n,
where q±i satisfies [J
±
j (n), q
±
i ] = ±δi,jδn,0k and we have ∂φ±i (z) = J±i (z), so that
(9.5) φ±i (z)φ
±
j (w) ∼ ±kδi,j ln(z − w) .
Let α = (α+1 , . . . , α
+
n , α
−
1 , . . . , α
−
n ) ∈ C2n, and consider the highest-weight module Hα of
the Heisenberg vertex algebra of weight α with highest-weight vector vα satisfying
J±i (n)vα = α
±
i δn,0vα, n ≥ 0.
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Denote by e+i ∈ C2n (resp. e−i ∈ C2n) the vector with all entries zero except the one at
the ith (resp. (n + i)th) position being one. Then for η ∈ C, the operator eηq±i acts as
eηq
±
i (vα) = vα+kηe±i
, so it mapsHα → Hα+kηe±i . Define the field
eηφ
±
i (z) = eηq
±
i zηαexp
(
η
∑
n>0
J±i (−n)
zn
n
)
exp
(
η
∑
n<0
J±i (−n)
zn
n
)
.
The eηφ
±
i (z) satisfy the operator products
J±j (z)e
ηφ±i (w) ∼ ±kηδi,jeηφ
±
i (w)(z − w)−1 + 1
η
∂eηφ
±
i (w),
eηφ
±
i (z)eνφ
∓
j (w) ∼ δi,j(z − w)±kην : eηφ
±
i (z)eνφ
±
j (w) : .
We will now introduce screening operators as the zero modes of fields of this type. For
this define the even and odd Cartan subalgebra valued fields
(9.6) φ =
n∑
i=1
φ+i Eii + φ
−
i En+i,n+i, ψ =
n∑
i=1
ψ+i Eii + ψ
−
i En+i,n+i .
Finally, the screening operators associated to our purely odd simple root system are as
follows.
Qαi = Resz
(
: αi(ψ(z))e
αi(φ(z)) :
)
,
Qβi =
1
k
Resz
(
: βi(ψ(z))e
βi(φ(z)) :
)
.
(9.7)
It is convenient to change basis as follows.
Yi(z) = φ
+
i (z)− φ−i (z),
Xi(z) =
1
2k
(
φ+i + φ
−
i +
i−1∑
j=1
Yj(z)−
n∑
j=i+1
Yj(z)
)
,
bi(z) = ψ+i (z)− ψ−i (z),
ci(z) =
1
2k
(
ψ+i + ψ
−
i +
i−1∑
j=1
bj(z)−
n∑
j=i+1
bj(z)
)
.
(9.8)
In this new basis, the nonregular OPEs are
(9.9) Yi(z)Xj(w) ∼ δi,j ln(z − w), bi(z)cj(w) ∼ δi,j
(z − w) .
The screening operators read in this basis
Qαi = Resz
(
: bi(z)eYi(z) :
)
,
Qβi = Resz
(
: (ci(z)− ci+1(z))ek(Xi(z)−Xi+1(z)) :).(9.10)
Let M be the vertex algebra generated by ∂Yi(z), ∂Xi(z), b
i(z), ci(z) for i = 1, . . . , n. We
have
Lemma 9.2. Let
Ni(z) = ∂Xi(z)− : bi(z)ci(z) :, Ei(z) = ∂Yi(z),
Ψ+i (z) = b
i(z), Ψ−i (z) = ∂c
i(z)− : ci(z)∂Yi(z) : .
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Then the vertex algebra generated byNi, Ei,Ψ
±
i is a homomorphic image of V1(gl (1|1)). Moreover,
this algebra is contained in the kernel of Qαi .
Proof. The nonregular operator products of Ni, Ei,Ψ
±
i are
Ni(z)Ei(w) ∼ 1
(z − w)2 ,
Ni(z)Ni(w) ∼ 1
(z − w)2 ,
Ni(z)Ψ
±
i (w) ∼
∓Ψ±(w)
(z − w) ,
Ψ+i (z)Ψ
−
i (w) ∼ −
1
(z − w)2 −
Ei(w)
(z − w) .
(9.11)
which coincides with the operator product algebra of V1(gl (1|1)). Ei, Ni,Ψ+i are obviously
in the kernel of Qαi . The statement for Ψ
−
i follows from
: bi(z)eYi(z) : Ψ−i (w) ∼
eYi(w)
(z − w)2 .

Lemma 9.3. We have
Ei + Ei+1, Ni +Ni+1 − 1
k
Ei,Ψ
±
i +Ψ
±
i+1 ∈ KerM(Qβi),
: Ψ+i Ni : + : Ψ
+
i+1Ni+1 : −
1
k
∂Ψ+i ∈ KerM(Qβi),
: NiΨ
−
i : + : Ni+1Ψ
−
i+1 : +
1
k
(
: Ei+1Ψ
−
i : − : EiΨ−i+1 :
)− 1
k
∂Ψ−i ∈ KerM(Qβi).
Proof. The first two lines are obvious, while the last one is a lengthy OPE computation.
One needs
: Ni(z)Ψ
−
i (z) : = : b
i(z)∂ci(z)ci(z) : − : ci(z)∂Xi(z)∂Yi(z) : +
+ : ∂ci(z)∂Xi(z) : − : ∂ci(z)∂Yi(z) : +1
2
∂2ci(z).

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We define the following fields inM
E(z) = −
n∑
i=1
Ei(z), N(z) = −
n∑
i=1
Ni(z) +
1
k
n∑
i=1
(n− i)Ei(z),
Ψ+(z) =
n∑
i=1
Ψ+i (z), Ψ
−(z) =
n∑
i=1
Ψ−i (z),
F+(z) =
n∑
i=1
: Ψ+i (z)Ni(z) : −
1
k
n∑
i=1
(n− i)∂Ψ+i (z),
F−(z) =
n∑
i=1
: Ni(z)Ψ
−
i (z) : −
1
k
n∑
i=1
(n− i)∂Ψ−i (z)+
+
1
2k
( ∑
1≤i<j≤n
: Ej(z)Ψ
−
i (z) : −
∑
1≤j<i≤n
: Ej(z)Ψ
−
i (z) :
)
.
(9.12)
Theorem 9.4.
E,N,Ψ±, F± ∈
n⋂
i=1
KerM(Qαi) ∩
n−1⋂
i=1
KerM(Qβi).
Proof. By Lemma 9.2 we have E,N,Ψ±, F± ∈ ⋂ni=1KerM(Qαi) and Lemma 9.3 implies
E,N,Ψ±, F± ∈ ⋂n−1i=1 KerM(Qβi). 
Definition 9.5. LetWn,k denote the vertex algebra generated by E,N,Ψ±, F±. We defineWn,∞
to be limk→∞Wn,k.
Theorem 9.6. Vn(ŜD) ∼=Wn,∞.
Proof. We will construct the isomorphism explicitly. Let β˜i, γ˜i, b˜i, c˜i be the generators of a
rank n bcβγ-system, and let φ˜±i , φ˜i be bosonic fields with OPE
φ˜±i (z)φ˜
±
j (w) ∼ ±δi,j ln(z − w), φ˜i(z)φ˜j(w) ∼ δi,j ln(z − w) .
Using the well-known bosonization isomorphism [FMS], one obtains
b˜i(z) = e
−φ˜i(z), c˜i(z) = e
φ˜i(z), : b˜i(z)c˜i(z) := −∂φ˜i(z),
β˜i(z) =: e
−φ˜−i (z)+φ˜
+
i (z)∂φ˜+i (z) :, γ˜i(z) = e
φ˜−i (z)−φ˜
+
i (z), : β˜i(z)γ˜i(z) := ∂φ˜
−
i (z).
We define
Yi = φ˜i − φ˜−i , Xi = φ˜−i − φ˜+i φ = φ˜− − φ˜−i + φ˜+i .
Then the nonzero OPEs of these fields are
Yi(z)Xj(w) ∼ δi,j ln(z − w), φi(z)φj(w) ∼ δi,j ln(z − w) .
Finally, we use bosonization again to obtain
bi(z) = e
−φi(z), ci(z) = e
φi(z), : bi(z)ci(z) := −∂φi(z).
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Under this isomorphism, we get the following identifications
Ei(z) = ∂Yi(z) = ∂φ˜i(z)− ∂φ˜−i (z) = − : b˜i(z)c˜i(z) : − : β˜i(z)γ˜i(z) :,
Ni(z) = ∂Yi(z)− : bi(z)ci(z) : = ∂φ˜i(z) = − : b˜i(z)c˜i(z) :,
Ψ+i (z) = bi(z) = e
−φi(z) = e−φ˜i(z)+φ˜
−
i (z)−φ˜
+
i (z) = : b˜i(z)γ˜i(z) :,
Ψ−i (z) = ∂ci(z)− : ci(z)∂Yi(z) : = : eφi(z)(∂φi(z)− ∂Yi(z)) :
= : eφ˜i(z)−φ˜
−
i (z)+φ˜
+
i (z)∂φ˜+i (z) : = : c˜i(z)β˜i(z) : .
(9.13)
and hence
E(z) =
n∑
i=1
: b˜i(z)c˜i(z) : + : β˜i(z)γ˜i(z) :, N(z) =
n∑
i=1
: b˜i(z)c˜i(z) :,
Ψ+(z) =
n∑
i=1
: b˜i(z)γ˜i(z) :, Ψ
−(z) =
n∑
i=1
: c˜i(z)β˜i(z) :,
F+(z) =
n∑
i=1
: Ψ+i (z)Ni(z) : =
n∑
i=1
: (: b˜i(z)γ˜i(z) :)(: b˜i(z)c˜i(z) :) := −
n∑
i=1
: b˜i(z)∂γ˜i(z) :,
F−(z) =
n∑
i=1
: Ni(z)Ψ
−
i (z) : =
n∑
i=1
: (: b˜i(z)c˜i(z) :)(: c˜i(z)β˜i(z) :) := −
n∑
i=1
: β˜i(z)∂c˜i(z) : .
But these fields are by Lemma 4.3 a generating set of Vn(ŜD). 
The operator product algebra ofW2,k can be computed explicitly. For this, we choose a
slightly different basis from (9.12). Let n = 2, and define
G± = F± ±
( 1
2k
− 1
2
)
∂Ψ±.
There will be two additional fields, a Virasoro field of central charge zero,
T = : E1(z)N1(z) : + : E2(z)N2(z) : − : Ψ+1 (z)Ψ−1 (z) : − : Ψ+2 (z)Ψ−2 (z) :
− 1 + k
2k
∂E1(z) +
1− k
2k
∂E2(z),
and another dimension two field
H = − 1
2
(
: N1(z)N1(z) : + : N2(z)N2(z) : − : E1(z)N1(z) : − : E2(z)N2(z) :
+ : Ψ+1 (z)Ψ
−
1 (z) : − : Ψ+2 (z)Ψ−2 (z) :
)
+
1
2k
(
: E1(z)N2(z) : − : E2(z)N1(z) :
+ : Ψ+1 (z)Ψ
−
2 (z) : − : Ψ+2 (z)Ψ−1 (z) : +
1
k
: E1(z)E2(z) : +∂N1(z)− ∂N2(z)
)
− 1
8k2
(
(2k2 + 2k + 1)∂E1(z) + (2k
2 − 2k + 1)∂E2(z)
)
.
Then E,N,Ψ± have the operator product algebra of ĝl (1|1) at level two, and G± are Vira-
soro primaries of dimension two, while H is the partner of T ,
T (z)H(w) ∼
( 3
k2
− 1
) 1
(z − w)4 +
3
4k2
E(w)
(z − w)3 +
2H(w)
(z − w)2 +
∂H(w)
(z − w) .
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In addition the operator products of the dimension two fields with the currents are
N(z)H(w) ∼ 3
2k2
1
(z − w)3 −
(1
4
− 3
4k2
) E(w)
(z − w)2 , N(z)G
±(w) ∼ ±G
±(w)
(z − w) ,
Ψ±(z)H(w) ∼ − G
±(w)
(z − w) , Ψ
±(z)G∓(w) ∼ N(w)
(z − w)2 ±
T (w)
(z − w) ,
E(z)H(w) ∼ − N(w)
(z − w)2 , E(z)G
±(w) ∼ −±ψ
±(w)
(z − w)2 .
Introduce the following normally ordered polynomials in the currents and their deriva-
tives
X0 =
1
2
(
2 : HE : −2 : TE : −2 : TN : −2 : G+Ψ− : −2 : G−Ψ+ : + : ∂Ψ−Ψ+ : + : ∂Ψ+Ψ− :
+ : ∂EN : −2 : NΨ+Ψ− : + : NNE : − : EΨ+Ψ− : + : NEE :
)
− 1
8k2
(
(1− 2k2)∂2E + (3− 2k2) : ∂EE : +(1− k2) : EEE :
)
,
X+ =
1
2
(
: N∂Ψ+ : −2 : HΨ+ : −2NG+ : + : TΨ+ : − : EG+ : − : NNΨ+ : − : NEΨ+ :
)
− 1
8k2
(
(2 + 2k2)∂2Ψ+− : ∂EΨ+ : −(2 + 2k2) : E∂Ψ+ : −(1− k2) : EEψ+ :
)
,
X− =
1
2
(
2NG− : − : N∂Ψ− : −2 : HΨ− : + : TΨ− : + : EG− : − : NNΨ− : − : NEΨ− :
)
+
1
8k2
(
(2 + 2k2)∂2Ψ+ + 5 : ∂EΨ− : −(2 + 2k2) : E∂Ψ− : +(1− k2) : EEψ− :
)
,
X2 =3∂
2N + (2 + 2k2)∂2E + 4 : ∂ψ−ψ+ : −4 : ∂ψ+ψ− : +4 : ∂NE : +4 : ∂EN : +2 : ∂EE : .
Then the operator products of the dimension two fields with themselves are
H(z)H(w) ∼ − 1
4k2
1
(z − w)2
(
2∂E(w) + 3∂N(w)− (2k2 + 2)T (w) + 4 : N(w)E(w) : +
: E(w)E(w) : −4 : ψ+(w)ψ−(w) :
)
− 1
8k2
X2(w)
(z − w) ,
H(z)G+(w) ∼
(1
2
− 3
4k2
) Ψ+(w)
(z − w)3 +
(1
4
− 3
4k2
) ∂Ψ+(w)
(z − w)2 +
G+(w) +X+(w)
(z − w) ,
H(z)G−(w) ∼
(1
2
− 9
4k2
) Ψ−(w)
(z − w)3 +
(1
4
− 3
4k2
) ∂Ψ−(w)
(z − w)2 +
G−(w) +X−(w)
(z − w) ,
G+(z)G−(w) ∼ −
(
1− 3
k2
) 1
(z − w)4 −
(1
2
− 3
2k2
) E(w)
(z − w)3 −
1
4
∂E(w)− 8H(w)
(z − w)2
+ (H(w) +X0(w))(z − w)−1.
We see
Proposition 9.7. W2,k is strongly generated by E,N,Ψ±, T,H,G±.
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10. THE RELATIONSHIP BETWEEN Bn,k AND Wn,k
Recall the algebra Bn,k that we constructed in Section 8, which has a minimal strong
generating set consisting of 4n fields, for generic values of k. In this section we show that
for n = 2, W2,k+2 and B2,k have the same generators and OPE relations. More generally,
we conjecture thatWn,k+n is isomorphic to Bn,k for all n and k.
Recall that Vk(gl(n)) has a strong generating set {X ij|1 ≤ i, j ≤ n} satisfying
(10.1) X ij(z)X lm(w) ∼ kδj,lδi,m
(z − w)2 +
δj,lX
im(w)− δi,mX lj(w)
(z − w) .
Recall the bcβγ-system F = E ⊗ S of rank n. There is a map V1(gl(n)) → E sending
X ij 7→: cibj : and a map V−1(gl(n)) → S sending X ij 7→ − : γiβj :. These combine to give
us a map V0(gl(n))→ F sending X ij 7→ cibj : − : γiβj .
A straightforward computation shows that Bn,k = Com(Vk(gl(n)), Vk(gl(n)) ⊗ F) con-
tains the following elements:
Ψ˜− =
n∑
l=1
: clβl :, Ψ˜+ = −
n∑
l=1
: γlbl :,
E˜ = −
n∑
l=1
: clbl : + : γlβl :, N˜ =
n∑
l=1
2
k
X ll− : clbl : + : γlβl :,
F˜− =
1
k
∑
1≤j,l≤n
: Xjlclβj : +
n∑
l=1
: cl∂βl :, F˜+ =
1
k
∑
1≤j,l≤n
: Xjlγlbj : +
n∑
l=1
: γl∂bl : .
By Lemma 4.3, the elements of Bn,∞ = Vn(ŜD) corresponding to these six elements under
φk : Bn,k → Vn(ŜD), are a generating set for Vn(ŜD). By Corollary 8.6, these six fields
generate Bn,k for generic values of k.
Theorem 10.1. For generic values of k,W2,k+2 and B2,k have the same OPE algebra.
Proof. This is a computer computation, where the field identification is given by, with
s = (1 + k)/(4 + 2k),
E → E˜, N → N˜ − E˜
k
, Ψ± → Ψ˜±,
G+ → (4s− 1)F˜+ + s∂Ψ˜+ + (2s− 1) : N˜Ψ˜+ :,
G− → (4s− 1)F˜− − (3s− 1)∂Ψ˜− − (2s− 1) : N˜Ψ˜− : .
(10.2)

Remark 10.2. There exist other realizations of W2,k. Let Eij for 1 ≤ i, j ≤ 4 be the basis of
gl (2|2) of Definition 9.1, and we denote the corresponding fields of Vk(gl (2|2)) by Eij(z). Then,
we find that for level k = −2 the fields
E ′ = −1
2
(
4∑
i=1
Eii), N
′ =
1
2
(E11 + E22 − E33 − E44),
Ψ+
′
=
1√−2(E13 + E24), Ψ
−′ =
1√−2(E31 + E42),
28
G+
′
=
1√−2(: E12E23 : + : E21E14 : + : (E11 − E22)(E13 − E24) :)
− 1
2
∂Ψ+
′ − 1
2
: N ′Ψ+
′
: +
1
4
: E ′Ψ+
′
:,
G−
′
=
1√−2(: E12E41 : + : E21E32 : + : (E11 − E22)(E31 − E42) :)
− 1
2
∂Ψ−
′
+
1
2
: N ′Ψ−
′
: −1
4
: E ′Ψ−
′
: .
are elements of Com(V0(sl (2)), V−2(gl (2|2))) and satisfy the operator product algebra of W2,−1
where the field identification is given byX → X ′, for X = E,N,Ψ±, G±.
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